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Introduction

In this chapter, we discuss
e The basic concept of the general, formal vector space concept
e The details of the widely used Euclidean Vector Space
e Mathematical distance functions and their properties
e Limits and continuity beyond univariate real-valued functions

e Key properties of general sets (open/closed, bounded, convex)
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Vector Spaces

What is a Vector Space?

General Vector Space () i
Collection of objects on whi perform linear operations (addition & scaling)

jith definitions for 'y € Vand fov e V
° Addmon IS associative and commutatlve scaled addition is distributive

Additive identity +@: @0 @m@@ = V)

= general notation X = (X, F, +, ) [S|mp|n‘y toX = (X,+,) for F=R]

— "\l

z 2
1 1
@ean Vecto@ Ve cher <3\ i (23 # (2 g>
Resctrict attention to EDwith ordered n—tuple of objects, e.g. (2,1,3)"(# (3,1,2))

= ) (Vi€ {l,....nt:xcR))

e We destinguish row vs.column vector (convention: “vector” = column vector)
® |nabove Ianguage®n V=R":={(x,...,
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Vector Spaces

Linear Combination and Basis

Linear combination (LC) of vectors (( Z)({ , (gj{ (<\_/J
e zisa LCoffkyectors xV x@_. . xkK g X [ Z T
k ) i . L’l ) — 1 )JeS (9
2= (A} with X\; e RYie {1,...,k} Y k_L\\/;/ 2
Span = set of lineaccombinations of {x X(Q), o xRY, eg 2
— = ——\ O
X1 y 1
ApeR = x| €ER®:x3=0 -:/{(OB__V')(/),>
c (9]
N £ X3
Basis of a vector space: smallest set of vectors to span the space ( fz >
1 0 1 1
e Basis is not unigue: e.g. VS. for K2
e Canonical basis {e',...,e"} withef=1and & =0

e Dimension of vector space: number of elements in the basis

—
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Linear Independence

Linear Dependence and Linear Independence

o Uneardependence<

x is linearly dependen 5 if it is a LC of elements in S, that is, x € Span(S)

o | independence (LI): x ¢ Span(S) (xis no LC of 5)
LI set BC X pvery element is LI of the remaining set: Vb € B: (b ¢ Span(B\{b}))
e.g {e, e} Span({e1}) = {(x,0) : x € R} & ey and vice versa

. . : 1
The set of vectors B = { by, ba, ..., b} aye linearly mdependn‘ ;>
// 1
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Linear Independence

Example: Linear Independence of the Canonical Basis

The vectors

A1

)

The last vector equation implies thé
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Scalar Product

Our First Vector-Based Operation: The Scalar Product

7 — Ax R =a, Y]

Function " R” xR? = R, (x, y) @ Zf':

o Reduces vectors to a scalar (one-dimensionab-n

mber (q_
e Also calledwcalso notated @ ' %

° x-x= .7 x¢("sum of squares”)
=344+ 24

"
e Practical usecase: checking orthogonality =

-
..of vectors x, y w
..of Iine —x7) - (xg—x2) =0

) : - 1 .2 Y -
wherexg, x¢ are distinct points on fand x,, x; are distinct points on g

= underlying reason: For x, y with angle 6 it holds:@
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Norms

Norms - an Introduction to Distances

[ X= |
e Measure distance between to objects 7

7

= gg. tvvo. pomFs, tvvg ve.ctors, vector from origin etc. Ké/"/’
e Universal (intuitive) criteria

Non-negative, and zero only if we don't have to move
o Symmemc same distance from A to B and from B to A

\

etours increase the distance

For X = (X, +, ), a function d { X x (X)= R defines a metric on Xif

e X >Oaﬂddxy—()
w-v

2. symmetry: Vx, y € X
3. triangle inequality: v
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Norms

Norms - Normed Vector Spaces

W . (r
e Interested in particular distances: lengths of vectors  —~>  du Skomse. w(mf\ ® o

1. non-negativity,Vx € X: [|x|| > 0,and ||x]| =0 < x=0 .
( o{ MQSQQ /]
normed vector space.

- Examp@m (AR |, = (S0 [x17) /7 0" i

|
/)
Max. norm (in R": ||x]|cc = max |x] /
i€{1...n} - ya—
Naturat-Norm (in R): ||x|| :|X/1Q /@ _ \J %z{ X7 +é(” dﬁ
1 il T
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NM

Norms - Norm Induced Metrics 4 (xy) = x- 5|

o Norm-induw derive metric dy from norm || - ||y

= absolute homogeneity: Vx,y € XV € R dy(Ax, \y) = |A|dn(x, y)
= translation invariance: ¥x, y, z € X dy(x+ z,y + z) = dn(x, y)

e Continuity of the norm implies continuity of norm-induced metrics

= Continuity of the norm funcnon | -] : X—R,x— HxH

@0 =)< 4T - W< O

= Follows from inverse triangle inequality {]|x|| — [|yl||< Tx — ¥l

= Intuition: points that are closer "||x — y||" havesitaiarraagaituee™ ||| x|| — ||Ivl|”
\
= Sequence-continuity: we can pull in liMits: liM,—eo [[Xa|| = IiMp—0o X

wih. £ U FX) - T
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Norms

Norms - Euclidian Space
* Focus on Euclidean Vector Spaces R” typically considered in Economi
® Fuclidean Norm (p-Norm for p = 2) as standard norm: ||x||2 @

= norm-induced metric space (R", d) with

. 1/2
da(x,y) = [[x = yll2 = (Z \x,-—y,-|2> =V (x—y) - (x—y)

i=1 —~———
Ceale, (rwwe(r
e Crucial importance in Econometrics: Least Squares estimators
e Geometric intuition: direct distance (cf. Pythagorean Theorem)

e “The distance” usually refers to the Euclidean norm(-induced metric)
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Introduction Vector Spaces Linear Independence Scalar Product Limits Convexity

/\)Qz5\ASowL@0& e
e Ball of radius e > 0 around xg:
all points with distance to xp “smaller” than e

o strictly (d(x, xp) < €): open ball B.(xo)

o weakly (d(x, xp) < e): CWG(XO)

* “closed balls include the boundary, open balls @0 not”

e Two types of points: interior and boundaz—?w\ts (int(A) vs. OA)

e Open set: only interigr, Nno boundary point A = int(A)
Sy ERED

e (Closed set: also includes affboundary pointg/A = int(A) U A

-

S~ ——
@@bounded distance ofefements: 3xe X Jr< oo : A C B,(x)

e Compactset < closed and bounded [Heine-Borel Theorem] - Cucl dyor

-~

= fundamentally important for optimization (together with continuity) SQaQQS
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Sets

Sets and Balls using Metrics - Formal Definitions

e c-open Ball around x:

N

((x0) = {x € X: dxp) <€D [Generally]
: {oe X [Norm-induced metric] @

® [nterior point;

e Boundary point:
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Sets

Helpful Theorems 1/3

Vo Cuous jﬂ\/\xr\‘\

Properties of Open and Closed Sets > ¢ (vpen

Consider a metric space (X, d). Then, \
c)pb

(0.i) @ and X are open in X. —
(0.ii) A set A C Xis open if and only if its complement A€ = X\ A is closed.

(o.iii) The union of an arbitrary (possibly infinite) collection of open sets is open.
(0.iv) The intersection of a finite collection of open sets is open.
(
(
(
(

C.i) @ and X are closed in X.
c.ii)Aset A C Xis closed if and only if its complement A€ = X\A is open.
C.iii) The union of a finite collection of closed sets is closed.

—

c.iv) The intersection of a (possibly infinite) collection of closed sets is closed.

Take-away: check complements and/or decompose into U/N of simple sets!
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Sets

Helpful Theorems 2/3

(£
(0 =)ax:5—-0
Closedness and Sequences

Suppose that X = (X, +, -) is a real vector space, and let BC X. Then, Bis closed
if and only if, for any convergent sequence {x,}nen Over B i.e. Vne N : x, € B, it
holds that lim,—~ x, € B.

Checking Boundedness

Suppose (X, d) is a metric space where dis norm-induced, i.e. for x,y € X,

d(x,y) = [[x—y||. Let AC X Then, Ais bounded if the norm is bounded on A, i.e.
@ (vx€A: x| <(B)
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Sets

Helpful Theorems 3/3

COde ax)  xox £0¢) <8l

Weak Inequalities and the Limit: Functions

Suppose that X = (X, +, -) is a real vector space, f: X— R and g: X+— R so that
Vx € X (in function notation Let xg € X, and suppose that

3y, &0 @go that Ii fix) = fo, liMy—x, &(x) = go. Then, it holds t

yeak Inequalities and the Limit: Sequences

Suppose that X = (X, +, -) is a real vector space. Let {x,}s,en and {y,}nen be
convergent sequences over X, i.e. Vn € N : x,,, y, € B, with limits x € Xand y € X

respectively. If Vn € N, it holds that x, < y,, then, we also hav

Julian Klix (University of Mannheim) Ch. 1: Vector Spaces Fall Semester 2026 15/ 24



Limits

Convergence in Normed Spaces - Sequences

e Recall R: real sequence {9} nen Is convergent with limit x € R if

Ve > 0 NEN:(VnEN,n@\\Xn—X < €

e Recall: | -|isthe natural norm of R, so that equivalently
N P L 7
Ve > 03N e N: (Vne N, n>NQ{n @
M{Xn

Ve >0dNeN: (VneN,n> N:|x,

—
e For sequences over R": j

lim (Xl, Cee
n— 00

e Extends to normed VS
with limit x € Xif

c N: x, € Xlis convergent

7;><

= (lim xq,..., lim x
n

n—o0
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Limits

Convergence in Normed Spaces - Functions

e Recall: for a univariate, real-valued function, i.e. f: X+— Ywith X, YCR, f, € Y'is
the limit of fata e Xif

Ve>0 (Vx e X: |x— a <@:> 1x) — i <€)

e Generalfunction f: X+— Ywhere XC (X, - [|x), YC (Y, || - ||y):

Ve > 036> 0: (Vx € X:<5:> ) — FllY < €)

= Can equivalently write x € Bs(a) for ||[x — al|[x < §

e More general definitions for any metric space (not “just” norm-induced) exist,
less relevant to us
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Limits

Convergence in Normed Spaces - Continuity

e Recall: continuity for a univariate, real-valued function f(a) = lim,_, ; f({x)

* General function f: X nvhere X C (X, || - YC % /

Ve > 036 £ 0¢ (Wx € Bs(xo)< %) — fixo) | /
_

e For continuous functions limits cambpepulled in:

e Dis oty
n—-00
@jﬁjﬁi xo With f(x,) f(xo@n—existent or different limit) )
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Convexity

—~Convexity

e Often domains arent VS = use sets that focus on special linear combinations

Convex Combination, Convex Set see el Linew Cor-Nr Mo,

Suppose X is a real vector space. A convex combination x© of the vectors
X1,...,xk € Xisa LCx® =36 \ix, for which Vie {1,...,k} : \; > 0 and
Zf'(:1 A =1 -
Aset AC X is@ it contains all convex combinations of any two of its
elements, i.e. Vaj,aa € A VA € [0,1]: Aa; + (1 — N)as € A.

e [ntuition: convex combination of 2 vectors: {Ax+ (1 — A)y: A € [0,1]}
= |ine connecting xand y — the larger A, the more we move from y to x
e Graphical test in R? and R3: connecting lines fully contained in set?
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Convexity

Convexity-preserving Operations

Convexity-preserving Operations

Suppose X = (X, +, ) is a real vector space. Then,
1. @ and Xare convex. - =
2. it AC Xisconvex, thensoisaA:={a-a:a€ A} forany a € R.

3. ifA,BC Xare convex,thensoisA#/B:={a+b:ac A be B}

4. if {Aj}ticris a (possibly infinite) collection of convex sets, the@
e (Can be used to simplify analysis of sets Au @ @
A ‘R

Julian Klix (University of Mannheim) Ch. 1: Vector Spaces Fall Semester 2026 20/ 24



Introduction Vector Spaces Linear Independence Scalar Product Limits Convexity

Question 1 If x = (1, 2,4}@and y=(3,0,2), whatis (2x) - y ?

Question 2 Consider x= (1,2,0)" and B;MAre they linearly independent?
What is their span? Are additional vectors required to span R3?

Question 3 Draw the French metro distance dr (defined below). Is it a metric?

de(x, y) fda e R:x=ay or dr(xy) @‘I‘ otherwise

Question 4 Which of the following sets are convex? (r%mkm‘h e bonndovy >
A vl
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Recap Chapter 1

Vector Spaces Generalization of linear algebra to broader objects
e Linear Combinations and bases form the VS building blocks
e Norms and metrics structure the objects

Limits and Continuity Translating defintions to Vector Spaces

e A more general distance concept extends the univariate definitions
e Fundamental concepts remain unchanged

Set Properties

e Adjusted definitions for open/closed, compact, convex sets

e Relevance of "regular” sets for handling and optimization
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Two Group-Chat Links

i
LR EIRD:

L LR

] 3 AT

Official Fachschaft Group
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That's all Folks!

Please take a look at the problem set that we will
discuss tomorrow morning.

¥ julian.klix@uni-mannheim.de B L7 3-5, Room 3.43
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