
E600 Mathematics Fall Semester 2026

Problem Set 2

Linear Algebra II: Matrix Algebra

Exercise 1: Matrix Multiplication

a.) Two Matrices

Determine whether the following matrices exist, and if so, compute them: AB, B→A→ and BA for

A =




0 2

3 ↑5
↑2 3




and B =



↑1 2 ↑3
4 ↑5 6




Hint: Be aware of the rules for transposition and matrix operations to take some shortcuts!

00

AQtimes1B1times3a3times3ABleftbeginmatrix0cdotleft1right24010012320625930212415618endmatrixrightleftbeginmatrix81012233139141924endmatrixrightBAleftABrightleftbeginmatrix82314103119123924endmatrixrightB2times3A3times2a2times2BAleftbeginmatrix06621090151282518endmatrixrightleftbeginmatrix12212751endmatrixright



b.) Some more Products

Let

A =



1 0 ↑1
2 3 1


 , B =




1 1

2 ↑1
↑4 0



, C =



↑5 3

2 4


 .

Determine whether the following matrices exist, and if so, compute them:

1. AB 2. BA 3. BA+C 4. AB+C

inmathbbR2times3

Bleftbeginmatrix104100264230endmatrixrightleftbeginmatrix5141endmatrixrightleftbeginmatrix5324endmatrixrightleftbeginmatrix0463endmatrixright
not
defBAleftbeginmatrix120311220321400040endmatrixrightleftbeginmatrix330033404endmatrixrightleftbeginmatrix5324endmatrixright



c.) Right-Multiplication of Vectors and Dimensionality

Let A be the matrix as in b.). What n ↓Nmust we choose so that x ↓ Rn
can be right-multiplied

to A, i.e. as Ax? What about A→x?

Colum vectors

AinoverlinemathbbR2times3xinmathbbR3times1 Ax leftbeginmatrix00endmatrixrightcdotleftbeginmatrix000endmatrixrightinmathbbR3
leftbeginmatrixvdotsvdotsendmatrixright C inmathbbR2AinmathbbR3times2xinmathbbR2times1 A1x



Exercise 2: Elementary Matrix Operations

Here, we convince ourselves again that the elementary operations really work in the way we

introduced them: Consider the matrix

A =




a b c

d e f

g h i



.

Define the matrix E so as to

1. interchange rows 2 and 3 (call the matrix E1),

2. multiply rows 1 and 3 with ω = 5 ! 0 (call the matrix E2),

3. subtract two times row 1 from row 2 (call the matrix E3).

Multiply out EA for E3 and check that indeed, the respective operation is performed.

1 A1
E EEiAIn
Asim

E InE E1

1 1 3

Ecdotleftbeginmatrix100010001endmatrixrightrightarrowleftbeginmatrix100001010endmatrixright
E

AleftI2right
2

leftbeginmatrix100010001endmatrixrightrightarrowleftbeginmatrix500010005endmatrixrightErleftIrA1right
5 I
5 II

pipi2cdotI3

leftbeginmatrix10000601endmatrixrightrightarrowleftbeginmatrix100210001endmatrixrightE3



Exercise 3: Determinant, Definiteness and Eigenvalues

a.) Determinant Rules

For the following matrices, compute the determinant using an appropriate rule.

1. A =



3 8

2 ↑1




2. B =




↑3 2 4

↑6 5 4

1 ↑1 0




3. C =




0 0 2

3 1 ↑1
2 2 4




Hint: You can test your understanding of the Laplace method by using an appropriate

expansion at 3. (of course, the 3↔ 3 rule is still perfectly fine here as well).

invetable det neq0

X det A3cdotleft1right2819

det
Bfrac350154frac7414left6rightleft1right2left6rightcdot0left3rightcdot4cdotleft1right
0824200120

left1rightij
def C0cdotdetleftbeginmatrix111uendmatrixright0cdotdetleftbeginmatrix3124endmatrixright

2cdotdetleftbeginmatrix3122endmatrixright2left62right8
Alternative 2cdotdu leftbeginmatrix102endmatrixright2left3detleft2right1detleft2rightright

2left3212right8



b.) Definiteness

Consider the matrix

A =




2 1 0

0 3 1

↑1 1 ↑1




Is A positive or negative (semi-)definite? What can you say about the invertability of A from

this fact?

Matrix Equivalent of geq0

forallxinmathbbR3xneq0 xAx0xAxgeq0f d
p Sd

leftbeginmatrixxx1x3endmatrixrightleftbeginmatrix210031111endmatrixrightleftbeginmatrixx1x2x3endmatrixrightleft2x1x3x13x11x1X2x3rightleftbeginmatrixx1x1x3endmatrixrightx1x13x22x1x1x2x3x32
left2x1x3rightx1leftx13x2x3rightx2leftx2x3rightx32X12X1X3X1X23X122X2X3X32geq0X1leftbeginmatrix100endmatrixright

X7leftbeginmatrix001endmatrixright010 Sylvester's TheoremindefiniteRightarrow200
detsdels detco

A positive definitede frac10
delambda0

2 dut0
3 del x0

A negitive definiteleftbeginmatrix210031111endmatrixright
positiv definite

cletsodfs.cat 0 YAXrightarrowX12leftX1X2right2leftX2X3right2X32geq0 geq0geq0 geq0

positive definiteleftbeginmatrix210111012endmatrixright All Eigenvalue so positive definite

All Eigenvalues co negative definite



Exercise 4: Matrix Inversion

For the following matrices, perform a test for invertability (using e.g. the determinant) and,

if possible, compute the inverse matrix, using either a shortcut theorem or the Gauss-Jordan

method:

1. A =



3 8

2 ↑1




2. B =




↑3 2 4

↑6 5 4

1 ↑1 0




3. C =




2 1 3

1 0 1

0 1 0




leftbeginmatrixnicefrac119nicefrac819nicefrac219nicefrac319endmatrixrightRightarrowA1frac1detAleftbeginmatrixdbaaendmatrixrightfrac119leftbeginmatrix1823endmatrixright
Rightarrowdet0x

uet321

leftbeginmatrix213vdots100101010010vdots001endmatrixright
leftbeginmatrix101vdots010010vdots001113vdots108112endmatrixright I

leftbeginmatrix1010100100010v11121endmatrixrightfracpi
leftbeginmatrix1001010vdots1310011001121endmatrixright A1leftbeginmatrix131001111endmatrixright



Exercise 5: Eigenvalues, Definiteness and Invertability

Let A =



3 4

2 1


.

Determine the eigenvalues of A. What can you say about the definitness of A? Is A invertible?

How could you have checked invertability more directly?

Eigenvectors

Axlambdax roots of the characteristic Polynomial
of A

xneq0
0 vector

Axlambdax0AxlambdaInxleftAlambdaInrightx0
P1x Matrix P

Px0
SystemofLinearEquations

detleftPright0 det leftAlambdaInright

detleftleftbeginmatrix3421endmatrixrightlambdaI2rightdetleftleftbeginmatrix3411endmatrixrightleftbeginmatrixlambda00lambdaendmatrixrightrightuetleftbeginmatrix3lambda421lambdaendmatrixrightleft3lambdarightleft1lambdaright8
Characferisfical Polynonia

x0 arbitrary lambda

3lambda3lambdalambda280
lambdafrac42pmsqrtleftfrac41right252pmsqrt452pm3lambda24lambda50

weiter positive nor
negate definite

lambda11 and lambda15

Axlambdax Aalphaxlambdaalphax



leftbeginmatrix3411endmatrixrightleftbeginmatrixx1x2endmatrixrightdiv5leftbeginmatrixx1x1endmatrixrightleftbeginmatrix3x14x27x1x2endmatrixrightvdotsleftbeginmatrix5x15x2endmatrixrightRightarrow 4X22X12X14X2
3 Xn2X

Xleftbeginmatrix21endmatrixrightXleftbeginmatrix63endmatrixright

4X14X12x12x1leftbeginmatrix3x14x22x1x2endmatrixright1leftbeginmatrixx1x1endmatrixright
Xleftbeginmatrix11endmatrixrightosleftbeginmatrix55endmatrixright

Aleftbeginmatrix3421endmatrixright def A5neq0 invertible

det Alambda1ldotslambdan
155

A1frac15leftbeginmatrix1423endmatrixright
A Eigenvectors

Eigennahe

1T


